Introduction
One of the central problems in solving conformal planar N = 4 super Yang-Mills theory being guided by gauge-string duality is to compute 3-point correlation functions of conformal primary operators at any value of gauge coupling. Recently, some progress was achieved in understanding correlators of certain operators with large quantum numbers at strong coupling using semiclassical string theory approach (see, e.g., [1] [2] [3] [4] [5] [6] and references there). The form of a 3-point function of scalar primary operators is fixed by conformal invariance to be G = C | a 12 
where a ij = a i − a j are differences of 4-coordinates and α 1 = ∆ 2 + ∆ 3 − ∆ 1 , etc. are determined by the three conformal dimensions ∆ i . The coefficient C is a function of ∆ i and other quantum numbers of the operators and also depends on 't Hooft coupling λ or string tension
. On the string theory side G is defined as a correlator of the corresponding vertex operators. For λ ≫ 1 and when all three sets of quantum numbers are semiclassically large (i.e. of order √ λ ) one may expect C to be given by a semiclassical approximation to the string path integral, thus scaling as e − √ λ A where A is a function of the semiclassical parameters
, etc. The semiclassical trajectory should solve the string equations with "sources" prescribed by the vertex operators. Finding such a solution in general appears to be non-trivial.
It is natural to start with a correlator of three 1/2 BPS operators with large charges and dimensions, ∆ i = J i ≫ 1.
1 In this case the 3-point correlator does not non-trivially depend on λ, with C being a particular function of the quantum numbers only [7] . One may then try to reproduce the expected large charge limit of C using semiclassical string theory arguments. As the semiclassical limit of the 2-point correlator of BPS operators is determined by a euclidean continuation of a massless geodesic in AdS 5 × S 5 [1, [8] [9] [10] one may expect that in this case the relevant semiclassical trajectory should be given by an intersection of the three geodesics [5] (with an intersection point being in the bulk of AdS 5 in the non-extremal case of ∆ 1 = ∆ 2 + ∆ 3 .)
At the same time, the non-renormalization of the 3-point function of the BPS operators implies that it is given simply by the supergravity expression and thus its large charge asymptotics can be captured [11] just by a stationary point approximation of the supergravity integral of the product of the corresponding wave functions over AdS 5 × S 5 . This integral may be viewed as a localization of the string path integral where the string is shrunk to a point and one integrates over the 0-mode (center-of-mass point) only. Below we will use this supergravity picture as a guide to arrive at a consistent semiclassical string theory evaluation of the BPS correlator. Our result for the semiclassical trajectory will agree with the 3-geodesic intersection in [5] in its AdS 5 part (but its S 5 part will be different from that suggested in [5] ). Another important ingredient of our construction will be an analog of the Schwarz-Christoffel map used in the light-cone interacting string diagrams in flat space [12] with 1 Below we shall only consider the leading order in large charge limit and thus will ignore possible difference between the dimensions ∆ i and the charges J i .
∆ i (or J i in the BPS case) playing the role of light-cone momenta p + i determining string lengths. It will be used to construct the semiclassical solution by first mapping the complex plane with 3 marked points corresponding to the three vertex operator insertions to a domain in τ + iσ plane (which generalizes the usual cylinder in the 2-point function case) and then choosing the simplest "point-like" solution which is linear in τ . An important difference compared to the flat space case (where p + is conserved) will be "non-conservation" of ∆ i for non-extremal correlators. 2 To construct the corresponding map for arbitrary values of ∆ i we will start with a generic expression for the AdS 5 string stress tensor having prescribed singularities at the punctures; its form is uniquely determined by ∆ i as was pointed out in [6] .
For non-BPS operators with large quantum numbers in S 5 only, i.e. describing semiclassical strings "extended" only in S 5 , one may expect that the AdS 5 part of the semiclassical trajectory should be the same as in the case of the BPS correlator with generic non-extremal choice of the dimensions ∆ i . Given that in the conformal gauge the AdS 5 and S 5 parts of the string equations for the semiclassical trajectory decouple, looking only at the AdS 5 part of the semiclassical trajectory one should not be able to see the difference between the cases of a non-BPS correlator (with non-trivial parts of vertex operators depending only on S 5 coordinates) and a BPS one with the same dimensions ∆ i .
This is the point of view we shall try to justify in this paper. At the same time, the picture suggested recently in [6] is different: it was argued there that for generic ∆ i the semiclassical solution should be extended in AdS 2 , becoming approximately point-like as in [5] only for sufficiently
. This proposal, however, raises few questions. The BPS case should be a special limit of a non-BPS case but as the AdS 5 part of the solution depends only on ∆ i there is no way to tell the difference between the two. Also, there is no natural "scale" to compare d i to, so the notion of correspondence with the BPS case only "for sufficiently small" d i seems artificial, given that the BPS states can carry arbitrarily large charges/dimensions. 3 We shall start in section 2 with a discussion of the supergravity representation for the protected 3-point function of BPS states given by an integral of a product of the three bulk-to-boundary propagators and three "spherical harmonic" factors over a point of AdS 5 × S 5 . We will show that in the limit when the dimensions ∆ i are large this integral is saturated by a stationary point. In the AdS 5 part this point is the same as found in [5] . We will show that for a non-extremal 2 In the extremal correlator case the map will be same as in the flat space -describing one cylinder becoming two joined cylinders with the sum of the two lengths matching the length of the original cylinder. 3 A technical reason for this "smallness" condition in [6] appears to be as follows. The string solution in [6] is constructed from a non-linear generalized sinh-Gordon equation equation ∂∂γ = √ TT sinhγ where T is an effective 2d stress tensor that scales as d This is, in fact, the choice that we will advocate here. More general solutions that appear to represent surfaces extended in AdS 5 appear to represent states that carry extra hidden AdS 5 charges and thus are more general than the states with only S 5 charges.
correlator the stationary point for the S 5 part of the integral can be found in a similar way by using an analytic continuation trick relating the S 5 problem to an effective AdS 5 one. We will also prove that the resulting expression for the large charge limit of the correlator agrees, as expected, with the one found on the free gauge theory side. In section 3 we shall consider the AdS 5 × S 5 string-theory representation for the 2-point and 3-point functions in terms of correlators of the corresponding marginal vertex operators following [2, 11] . In section 3.1 we shall clarify the issue of cancellation of volumes of residual world-sheet and AdS target space conformal transformations leading to finite expressions for the 2-point and 3-point functions. In section 3.2 we shall review the semiclassical approximation for the 2-point function of BPS operators with large charges.
In section 4 we shall study the semiclassical approximation for the string theory representation of extremal (∆ 1 = ∆ 2 +∆ 3 ) correlator of the 3 BPS operators with large charges and show that the corresponding semiclassical trajectory can be interpreted as an intersection of 3 euclidean AdS 5 geodesics as suggested in [5] . We will demonstrate that this interpretation applies provided one first maps the complex plane with 3 punctures into a cylindrical domain by the same SchwarzChristoffel map as in the flat-space light-cone interacting string picture. This map encodes the positions of insertions of the vertex operators on the complex plane.
In section 5 we will generalize to non-extremal 3-point correlator case. Our discussion of the AdS part of the solution in section 5.1 will be completely general, i.e. applicable to all (BPS or non-BPS) states with large quantum numbers only in S 5 . We will show that the AdS solution is still given by the 3 appropriately glued geodesics but the transformation to the complex plane is now given by a more general Schwarz-Christoffel map (which corresponds to the case of "nonconservation" of string lengths or p + in the corresponding flat space case). The precise form of the Schwarz-Christoffel map is dictated by the AdS stress tensor. In section 5.2 we will specify to the case of non-extremal BPS correlator. Guided by the supergravity discussion in section 2 we will find the corresponding semiclassical trajectory in S 5 using an analytic continuation to AdS 5
and finally show that we get the same expected semiclassical expression for the correlator as in the supergravity approximation. In section 6 we will consider a particular example of a 3-point correlation function of non-BPS operators representing "small" circular strings with two equal spins in S 3 ⊂ S 5 . In the case when all the three operators represent states in the same S 3 of S 5 we will find a contradiction between the angular momentum conservation condition and the non-linear on-shell (i.e. marginality) condition ∆ 2 i = 4 √ λ J i suggesting that this correlator should vanish as in the corresponding flat space case. We will conclude in section 7 with some comments on a comparison of our approach (of section 5.1) to the construction of generic AdS solution with that of ref. [6] . The solution constructed in [6] is more general than ours, but it is not clear if it is actually necessary to describe the correlators of states with non-trivial charges in S 5 only. As we will argue, the relevant AdS 5 solution should cases.
In Appendix A we will elaborate on the issue of cancellation of the Mobius group volume factor and the volume of the residual AdS 5 symmetry group transformations in the 2-point and 3-point correlators of string vertex operators. In Appendix B we will give details of the Schwarz-Christoffel map constructed in section 5.
Semiclassical three-point functions in supergravity
In this paper we will study 3-point functions of "heavy" scalar operators whose dimensions ∆ i , i = 1, 2, 3 scale as ∆ i ∼ √ λ for large 't Hooft coupling λ. We will be interested only in the leading semiclassical contribution of order e a √ λ , i.e. will be ignoring subleading corrections. For this reason it will be possible to ignore detailed structure of the corresponding vertex operators or wave functions.
In this section we will consider the calculation of such 3-point function in supergravity. By semiclassical approximation here we shall assume the limit of large dimensions or charges in which the AdS 5 × S 5 integral will be saturated by a stationary point approximation. While the full calculation will be valid for BPS states only, the AdS 5 part of it will formally apply also to the case of operators representing semiclassical string states that do not carry other AdS 5 quantum numbers except the energy: they will be described by an effective AdS 5 action with a local cubic interaction.
In supergravity description the 3-point function is given by a simple Witten diagram consisting of three bulk-to-boundary propagators as in Figure 1 [7, 13] splits into the product of the AdS 5 -factor and the S 5 -factor:
Then the integral over ϕ implies charge conservation J 1 = J 2 and for large J i the integral over ψ is saturated by ψ = 0. Then G S 5 ∼ 1. Combining the AdS 5 (2.14) and S 5 (2.15) parts together gives
up to terms of order unity. We have thus obtained the 2-point function which is canonically normalized up to terms that are subleading for ∆ ≫ 1. 20) where
Note that if the correlator is extremal, i.e. ∆ 1 = ∆ 2 + ∆ 3 , then α 1 = 0 and the extremum (2.20) lies on the boundary (z = 0). This leads to a divergence of the "action" (2.18) . In this case the correlator should be defined as a limit of non-extremal one, i.e. by starting with ∆ 1 = ∆ 2 + ∆ 3 + ǫ and taking α 1 = ǫ → 0 at the very end. Evaluating (2.18) on the solution (2.20) leads to the following semiclassical approximation to the AdS part of the 3-point correlator (2.2) [5] 
The resulting dependence on space-time points a i is consistent with conformal invariance, implying that in general
Note also that in the extremal limit α 1 → 0 the expression in eq. (2.23) is finite and gives C AdS = 1.
S 5 -contribution to 3-point function
In the extremal case ∆ 1 = ∆ 2 + ∆ 3 we may choose 25) and then the semiclassical evaluation of the integral over S 5 in (2.3) is similar to that for the 2-point function and produces the contribution C S 5 ∼ 1.
In the non-extremal case it is useful first to consider a particular example and then present a generalization to the case of arbitrary complex 6-vectors n i subject to (2.7) in the next subsection. Namely, let us choose n i as 26) corresponding to
Let us parametrize the metric on S 5 as
The choice of U i 's in (2.27) effectively allows to reduce the problem to
It is useful to consider the following analytic continuation
We will see that the extremum is real in these "rotated" coordinates. The effective action for S 5 integral (2.3) then becomes
Varying it with respect to ψ and ϕ gives
One can write the solution to these two equations in the following form
Evaluating U 1 ,U 2 ,U 3 on this solution gives
where β i are given by similar expressions as α i in (2.21) with ∆ i → J i
Then the stationary-point value of the S 5 integral (2.3) is found to be
Combining it with the AdS 5 part eq. (2.23) and using that ∆ i = J i (i.e. α i = β i ) we find that the S 5 -contribution almost completely cancels the contribution from AdS 5 : up to subleading terms we find for the 3-point coefficient C in (2.8) 
Then the U i in (2.27),(2.30) become
These expressions look the same -up to 1 2 factors and inverse powers -as the bulk-to-boundary propagators (2.5) in AdS 2 where the boundary points are chosen as -1, 1, 0. This implies that in evaluating integral over the sphere (2. 3) in the stationary-point approximation we can immediately borrow the AdS 5 result (2.22)-(2.24) in which we should substitute
Here α i → −β i is due to the negative powers in (2.39). This is the very reason why the above cancellation between the AdS 5 and S 5 contributions takes place. Taking into account the factors 1 2 in U 1 and U 2 in (2.39) we get 2
Combining these together we end up again with (2.36),(2.37). Let us note that in the special case when one of the dimensions vanish, ∆ 3 = J 3 = 0, the 3-point function (2.8),(2.37) reduces to the 2-point one (2.17) if ∆ 1 = ∆ 2 .
Generic non-extremal 3-point function
Let us now generalize the analytic continuation trick used at the end of the previous section to compute the semiclassical expression for (2.1) for a more general choice of 6-vectors in (2.6),(2.7) which allows to restore the full expression for the coefficient C.
Let us start with the euclidean AdS 5 space and introduce 6 embedding coordinates Y r (r = (−1, m, 4); m = 0, 1, 2, 3) related to the Poincare coordinates in (2.4) as
Then it is easy to check that the inverse of the bulk-to-boundary propagator 
and introducing a complex 6-vector n = (n 1 , in m , in 4 ) satisfying (2.7) as contains 2×6−3 = 9 independent real parameters 9 so that overall the three states are characterized by 3×9 = 27 real parameters. In addition, we are allowed to act on n i with SO(6) transformations preserving (2.7). We can use this SO(6) freedom to restrict the number of independent real parameters to 27-dim SO(6)= 12=4·3. Hence, we can always choose each of the three vectors n i in the form (2.46), i.e. parametrized by a real 4-vector b i . Then
Since here −J i appear in place of ∆ i in (2.2) that means that we get the same semiclassical trajectory as in the original AdS 5 case with α i → β i in (2.35) but the total contribution should appear in the opposite power. We then find
Observing that for n i defined as in (2.46) we have
we can then rewrite (2.49) in terms of n i as
Finally, using (2.1), we get the following expression for the coefficient C in the full semiclassical 
Agreement with BPS 3-point correlator in free gauge theory
Since the 3-point function of 1/2 BPS operators is protected, (2.37) must be the same as the large charge limit of the corresponding expression in free super Yang-Mills theory. The scalar 1/2 BPS operators in N = 4 supersymmetric gauge theory can be written in terms of the 6-scalars Φ a as (see, e.g., [21] )
where the complex 6-vectorñ satisfies the same constraints as in (2.53). These operators have canonically normalized 2-point function. 10 In order to compute the 3-point function of the operators (2.54) in free gauge theory we need to contract the fields in the three operators. Each contraction of the fields in the operators i and j will give rise to a factor (ñ i ·ñ j ). The number of contractions among the three operators is as follows [7] . We have to contract β 3 /2 fields between the first and the second operators, β 2 /2 fields between the first and the third operators, and β 1 /2 indices between the second and the third operators. Ignoring subleading corrections in the limit of large J i we then get the following expression for the 3-point function coefficient in (2.8) in free SYM theory
which is indeed the same as (2.52) found in the supergravity approach. In the rest of this paper we will consider the semiclassical computation of 3-point functions in AdS 5 × S 5 string theory. Let us first review some basic points about the structure of these correlators (see also the discussion in [2] ).
General remarks on the structure of correlation functions
Consider the tree-level 2-point function of string vertex operators labelled by points a 1 and a 2 of the boundary of AdS 5 11
10 There is an additional factor of
in the normalization of the operators in (2.54) which we ignore here but such factors will cancel against similar factors in the propagators in computing 3-point functions up to terms subleading for large J i . 11 For simplicity we shall consider only scalar operators and ignore fermion field dependence. Both the worldsheet and the target space will be assumed to be euclidean.
Here V ( a 1 ) and V ( a 2 ) are integrated vertex operators
where (z, x m ) are the Poincare coordinates in AdS 5 and X p parametrize S 5 . The general structure of V is (ignoring fermion dependence)
where ∆ is the target space dimension of the operator, K( a i ) is the same as in (2.5), and v depends on the remaining quantum numbers (spins, etc.). In (3.1) the integral is over all the AdS 5 × S 5 string sigma model fields with the conformal-gauge action
As we are considering a tree-level approximation in closed string theory ξ parametrizes a complex plane and
is the volume of the SL(2, C) Mobius group, which represents the residual gauge transformations (global conformal diffeomorphisms). Assuming that vertex operators are marginal, i.e. ∆ is an appropriate function of spins and other quantum numbers, the worldsheet conformal invariance implies that the integral over ξ 1 and ξ 2 in (3.1) should factor out as
i.e. we should get
where Ω c represents the volume of the subgroup of SL(2, C) that preserves two points ξ 1 , ξ 2 . As this subgroup is non-compact, Ω c diverges. In flat space this implies the vanishing of the 2-point function. In the case of string theory in AdS d+1 , however, the action has non-compact global invariance group SO(1, d + 1). Assuming that vertex operators represent conformal primary fields, the path integral produces a divergent factor of volume of residual transformations of SO(1, d + 1) that preserve two fixed boundary points a 1 , a 2 . This factor cancels against the world-sheet factor Ω c producing a finite result for the 2-point function. This point was discussed in [17] [18] [19] [20] in the context of string theory in AdS 3 based on the corresponding WZW model but it applies in general to strings in AdS d+1 [2] . We shall explain this in detail in Appendix A. In particular, in the context of the semiclassical expansion we are interested in here, the (divergent) volume of residual SO(1, d+1) transformations will appear from an integral over the collective coordinates of a classical solution one is expanding around.
Similarly, in the case of the 3-point function
the integral over the operator insertion points ξ i will factorise producing a factor that will cancel Ω M (3.5) in the denominator. In the case when 3 target space points a i are fixed the remaining symmetry subgroup of SO(1, d + 1) is compact SO(d − 1) and thus the resulting correlator is finite.
Review of semiclassical computation of two-point function
Let us now review the semiclassical computation of 2-point function of vertex operators with large charges considering for simplicity the example of BMN states [24] or chiral primary operators; other examples can be found in [2, 16] . The corresponding vertex operators can be written as
Here V −J ≡ V * J and V stands for 2-derivative and fermionic terms that are not relevant for determining the stationary point solution. The marginality condition implies ∆ = J.
We shall assume that a i = (a i , 0, 0, 0); then, jumping ahead, one can argue that the semiclassical trajectory will belong to AdS 2 , i.e. we can set x = (x, 0, 0, 0). Also, if we set (as in (2.16)) X 1 + iX 2 = cos ψ e iϕ , then on the semiclassical trajectory ψ = 0, i.e. we may replace (X 1 ± iX 2 )
J by e ±iJϕ .
In the limit of large ∆, J, the 2-point function is governed by the semiclassical trajectory with singularities prescribed by the vertex operators. It can be found from the "effective" action
where A 0 is the classical string action (3.4) where we set to zero all irrelevant fields. Dots stand for ln V terms subleading at large ∆ = J. The semiclassical expression for the 2-point function can 12 We use the notation ∂ =
then be written as (see also Appendix A; here we assume that collective coordinate contribution is absorbed into G)
To find the stationary point trajectory [2, 8, 9 , 16] we may start with the euclidean version of the corresponding classical solution on the cylinder (τ, σ) which carries the same charges as the vertex operators and then transform this solution to the complex ξ-plane by the conformal map
In this construction all the information about the singularities at ξ i is encoded in the conformal map (3.13).
In the present case of the BMN states the relevant classical solution is the (analytically continued) geodesic connecting the points x = a 1 and x = a 2 in AdS 2 (for concreteness we shall assume
14)
One can explicitly check that (3.13),(3.14), (3.15) indeed solve the equations following from (3.11). The equation for ϕ reads∂
The solution to this equation is
which is precisely ωτ if we use the map (3.13). Let us point out a subtlety which will be important later when we consider 3-point functions. In two dimensions solutions to the Laplace equation with prescribed singularities like (3.16), in general, do not go to zero at infinity. That means there may be an additional unwanted singularity at ξ = ∞. Indeed, if the charges of the vertex operators in (3.9) were different, J 1 = J 2 , instead of (3.16) we would have∂
with the solution being
Then ϕ would have a logarithmic singularity not only at ξ = ξ 1 , ξ 2 but also at ξ = ∞. One interpretation of this could be that we have an additional vertex operator inserted at ξ = ∞ whose charge is J 2 − J 1 so that the total charge remains zero. The condition that the solution is non-singular at infinity (i.e. is properly defined on a 2-sphere) is precisely J 1 = J 2 . It can be derived by integrating both sides of (3.18) over the complex plane (i.e. 2-sphere that has no boundary). A heuristic way to arrive at same condition is by looking at the right hand side of (3.18) and demanding that it does not have a delta-function source at large ξ: for that one can ignore ξ 1 and ξ 2 compared to ξ in the delta-functions in (3.18) and require that the coefficient in front of the resulting δ 2 (ξ) (namely,
The equations for x and z are substantially more complicated and without knowing the relation to the classical solution (3.14),(3.15) it would seem hard to solve them. The equation for x is
When we substitute (3.14),(3.15),(3.13) into (3.20) we find that both sides of it become equal to 2π∆
The equation for z can also be shown to be satisfied in a similar way (see [2] for details). As before, let us point out that eq. (3.21) is non-singular when ξ → ∞ meaning that our solution does not have an unwanted singularity at infinity. This is achieved because
for the geodesic (3.14). Let us also note that these combinations are constants along (3.14) so (3.22) turns out to be satisfied for any ξ.
Evaluating the action (3.11) on this solution we get
In computing the action we subtracted the divergences of the form ln |ξ − ξ i | with ξ → ξ i corresponding to self-contractions in the vertex operators. 13 In addition, G in (3.12) contains a factor of |ξ 1 − ξ 2 | −4 coming from the expectation value of the 2-derivative terms V in (3.9). As a result, taking into account the marginality condition ∆ = J we recover the factor Ω 2 (3.6) as required by 2d conformal invariance; it cancels out as explained in the previous subsection and Appendix A. Thus for ∆ = J ∼ √ λ ≫ 1 we finish with
13 They should automatically go away if the vertex operators are defined with an appropriate "normal ordering", i.e. as proper marginal operators.
up to possible subleading corrections depending on proper normalization of the vertex operators. Let us note that while written in the ξ-coordinates the solution (3.14) looks rather complicated, the map (3.13) "trivializes" it. This point will be important in the subsequent discussion of the semiclassical 3-point functions.
Correlator of 3 chiral primary operators at strong coupling
The vertex operator of a chiral primary state is parametrized by a point a at the AdS boundary and a complex null 6-vector n p . Instead of a to label the boundary point we may use a null 6-vector N r as discussed in section 2.4 (see (2.43)).
14 Then the general form of the string vertex operator (3.9) representing the highest weight [0, J, 0] gauge theory chiral primary operator (2.54),
V represents again appropriate 2-derivative and fermionic terms that ensure marginality for ∆ = J (and proper normalization). Suppose we would like to compute the correlator like (3.8), i.e.
5 string theory with the action (3.11) written in the embedding coordinates as follows:
If we consider large tension limit and ignore the fermionic couplings and the the contractions involving the dimension (1,1) factors V in (3.25), the correlator formally factorizes into the one involving Y r and the one involving X p (both appearing under the common integrals over ξ i ). One could then first do the gaussian integrals over Y r and X p . The two problems are formally related by the analytic continuation:
The free-theory correlator of the factors (n 1 ·X(ξ 1 ))
is readily computed if all J i are integer. For example, in the 3-point case we get the same factor as in (2.55), i.e.
etc. This will be multipled by an obvius n i -independent factor involving 2d propagators.To evaluate the correlator
−∆ k one can formally continue ∆ i to negative integer values and then continue back. The remaining integrals over Λ andΛ will be very similar and essentually cancel each other because of the marginality condition ∆ i = J i . We will then end up with
14 Similar "embedding" parametrization is often useful in 4d CFT to make the action of the conformal group SO(2, 4) linear (see, e.g., [23] and references there). 15 In our notation (see (2.41) This remarkably symmetric form of the 3-point correlator is the same as (2.8) with (2.55), 17 which is, of course, not surprising as the correlator of 3 CPO's should not be renormalized, i.e. should be the same at weak and at strong coupling. In fact, the contributions of V factors and fermions should conspire so that the √ λ ≫ 1 string result "localises", i.e. reduces to the one in the supergravity approximation.
Below we shall demonstrate how to reproduce the same result (3.26) in the case when J i are as large as string tension 18 using semiclassical approximation in string theory path integral.
Semiclassical computation of extremal 3-point function
We shall study a semiclassical computation of the 3-point functions with the extremal case when
Here we shall explicitly consider the correlator of BPS states but the general discussion of the AdS 5 contribution given below would formally apply also to the case of non-BPS operators with non-trivial charges in S 5 and having ∆ 1 = ∆ 2 + ∆ 3 .
In the extremal case we may assume that all three BPS operators carry charges in the same SO(2) subgroup of SO (6) 
where we set to 0 all "irrelevant" coordinates that vanish on the semiclassical trajectory. We shall also choose a i as a 1 = 0 < a 2 < a 3 . The integral over the zero mode of ϕ then imposes charge conservation, i.e. we may consider
In the semiclassical limit (J i ∼ √ λ ≫ 1) of the correlation function (4.2) is controlled by the extremum of the following action (cf. (3.10))
3)
We shall first find the solution in S 5 and then consider the AdS 5 part.
Solution in S 5
The equation of motion for the angle ϕ
is solved by
Like in the case of the 2-point function (cf. (3.14)-(3.17)) let us introduce a new coordinate τ such that
i.e. define the following map from the complex plane ξ with three marked points to a complex domain (τ, σ)
Here the points ξ 1 , ξ 2 , ξ 3 are mapped to either τ = −∞ or τ = +∞. Note that since J 1 = J 2 + J 3 we do not have an additional singularity at ξ = ∞. This is, in fact, a familiar Schwarz-Christoffel map from a plane with 3 punctures into the "light-cone" three closed strings interacting diagram in flat space [12] (with one cylinder at τ = −∞ becoming two joined cylinders at τ = ∞). Here the role of conserved components of the light-cone momenta p + i or lengths of the three strings in the light-cone gauge is played by J i , i.e. by the components of the angular momentum along
To simplify the discussion we may first replace the cylinders by strips by cutting each cylinder along the τ -direction and view it as two copies of an infinite strip (imposing periodicity on 20 In general, one may start with ϕ = − i √ λ J 1 (τ −τ ) but the constantτ can be absorbed into the shift of the origin of τ or constant shift of ϕ. In what follows we shall setτ = 0 to simplify the formulae.
functions of σ at the end). For example, an infinite strip of width π is mapped by (3.13) to the upper half plane with two marked points ξ 1 , ξ 2 lying on the the real axis. In general, conformal transformations from the upper half plane with marked points to the interior of a polygon are known as Schwarz-Christoffel maps with (4.7) being a simple example. Let us review how the complex domain parametrized by (τ, σ) can be found in the case of (4.7). Let us assume for concreteness that the points ξ i on the real axis are ordered as ξ 1 < ξ 3 < ξ 2 and start moving from ξ > ξ 2 in the direction of decreasing ξ. Once we cross ξ 2 and start moving towards ξ 3 we pick up a phase e iπJ 2 /J 1 meaning that σ has jumped by πJ 2 /J 1 . This means that we cannot reach ξ 3 unless σ > πJ 2 /J 1 . This, in turn, means that we have a cut along along the τ -direction starting at the some point (τ int , σ int ) with σ int = πJ 2 /J 1 . The points ξ 2 and ξ 3 lie on the opposite sides of the cut (see Figure 2 ). The point (τ int , σ int ) may be interpreted as the interaction point, where one incoming string splits into the two outgoing strings. It can be found as the critical point of the map (4.7): ∂ζ ∂ξ = 0 . (4.8)
Using J 1 = J 2 + J 3 we obtain a linear equation for ξ = ξ int solved by
Substituting it back into (4.7) we get 10) so that for the above choice of ξ i we have σ int = πJ 2 /J 1 . Note that the value of τ int is unphysical and one can shift it, e.g., to zero by re-introducing a constant shift of τ in (4.7). The discussion in the previous paragraph and Figure 2 applied to open strings and has an advantage that it is easier to visualize. The case of closed strings can be described by doubling trick, to take two copies of the domain in Figure 2 and perform appropriate identifications to ensure periodicity in σ. The resulting domain will be mapped to the complex plane with three marked points using (4.7).
Explicitly, the 3 regions of the (τ, σ) domain in Figure 2 representing 3 interacting strings are
Doubling the σ-intervals we can find the angular momenta of the corresponding closed strings as
is the string tension and factor of 2 is due to the doubling of the σ interval. We thus have again σ int = πJ 2 /J 1 .
Finally, computing the S 5 part of the action in (4.4) on the solution (4.5) we find
where we omitted logarithmic "self-contraction" divergences ln |ξ − ξ i | ξ→ξ i .
Solution in AdS 5
Let us now consider the solution of the equations of motion for z and x following from (4.4):
As was discussed in the previous section below eqs. (3.17) and (3.21), the solution to these equations, in addition to the singularities at ξ 1 , ξ 2 , ξ 3 , might also have a singularity at ξ = ∞. We can demand its absence by studying how the right-hand-sides of (4.12),(4.13) behave at large ξ.
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This suggests that one should impose the two equations analogous to eq. (3.22) τ -parameter of the three intersecting geodesics will be related to ξ i by a map similar to (4.7)
Note that this map is well-defined (no additional singularity at ξ = ∞) only if ∆ 1 = ∆ 2 + ∆ 3 .
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For BPS states (4.17) is actually equivalent to (4.7) due to the marginality conditions ∆ i = J i . We will construct the full solution everywhere in the domain in Figure 2 following the idea of [5] , i.e. we will define independent solutions in the regions I, II, III in (4.11) and "glue" them together at the interaction point that will correspond (τ, σ) = (τ int , σ int ). Near each singularity the solution has to approach a geodesic of the type (3.14); in the BPS case (and more generally, for a string state that does not carry AdS 5 charges except energy) it is natural to propose that the solution in each region should, in fact, be a piece of a geodesic with appropriate target space boundary conditions. First, let us make sure that the three intersecting geodesics are compatible with eqs. (4.16). This compatibility follows from the fact, discussed in the previous section, that each term in eqs. (4.16) is a constant along the geodesic that originated at a i (i.e. corresponding to ξ i ). Thus we can evaluate all the terms in (4.16) at the same point ξ int . But then these equations can be viewed as the conditions for the intersection point in the target space (z int = z(ξ int ), x int = x(ξ int )). With this interpretation, these are the same equations as the ones in (2.19) that extremize the "action" (2.18) appearing in the supergravity integral in section 2.2. The solution to these equations is given in (2.20) . Like in section 2 we will have to assume that ∆ 1 = ∆ 2 + ∆ 3 + ǫ, i.e. to go slightly off extremality to lift the "interaction" point (2.20) from the boundary and take ǫ → 0 in the final expressions. Note that eqs. (4.16) are not the same as (2.19). The former are the functional equations rather than algebraic. However, they reduce to the algebraic equations on our geodesic ansatz.
Explicitly, the solutions in the regions I, II, III are expected to be
Each geodesic is a half-circle in (z, x) plane connecting one of the boundary points a i with some other boundary points b i . The values of b i
can be found [5] by demanding that these three geodesics meet at the point ((x int , z int ) given in (2.20) (see Figure 3 ). Parametrizing each geodesic by τ as in (2.13),(3.14) we can thus write the proposed solution in the (τ, σ) domain explicitly as
The parameters κ i are to be fixed by matching against the singularities prescribed by the vertex operators. The parameters τ i are introduced to make sure that the three segments of the solution intersect at the interaction point τ = τ int which we can always choose to be at zero. Demanding that these three geodesics meet at (2.20) for τ = τ int = 0 gives
(4.21)
Here we defined the solution using open string picture of Figure 2 . To get the closed-string solution we are simply to double the σ-range (the solution is obviously periodic as it does not depend on σ). Finally, to get a candidate solution of (4.14),(4.15) we need to apply to (4.21) the transformation (4.17) to map it to the complex ξ plane with three marked points. Note that as in the case of the 2-point function in section 3.2, all the information about the points ξ i is hidden in this Schwarz-Christoffel map. To verify that the resulting z(ξ), x(ξ) do solve (4.14), (4.15) we may do this separately for the three regions in (4.21) . In region I we have τ ∈ (−∞, 0] and ξ cannot reach the points ξ 2 , ξ 3 , i.e. δ 2 (ξ − ξ 2 ) = δ 2 (ξ − ξ 3 ) = 0. Then comparing the r.h.s. of eq. (4.14)
. The regions II, III can be analysed in a similar way implying that eq. (4.14) is satisfied provided
One can also verify eq. (4.15) as in the 2-point function case (see (3.20) , (3.21)). Finally, let us compute the stationary-point value of the AdS 5 part of the action in (4.4). The string part of the action may be written as
where τ is given by (4.17) . Integrating by parts and subtracting trivial divergences we get
The term in (4.4) involving vertex operators is straightforward to evaluate using the expressions for τ 1 , τ 2 , τ 3 in (4.21):
Summing up (4.24) and (4.25) to get A AdS and adding also the S 5 part of the action in (4.13) we obtain for the leading semiclassical term in the 3-point function (4.2) 27) where C is the same as in the supergravity expression in (2.23) (with α i defined in (2.21); in the extremal case C S 5 = 1)
In the extremal case under consideration α 1 = ∆ 2 + ∆ 3 − ∆ 1 = 0 so that finds that C = 1. The residual "action"Â(ξ 1 , ξ 2 , ξ 3 ) iŝ
which vanishes due to the marginality condition ∆ i = J i . As in the 2-point function case in section 3.2, G in (4.27) contains also an additional subleading
coming from the 2-derivative factors in V in the vertex operators (4.1); after the integration over ξ 1 , ξ 2 , ξ 3 cancels against the Mobius group volume factor in (4.26) as discussed in section 3.1 and Appendix A. The final answer for the extremal (α 1 = 0) 3-point function (4.2),(4.27) has thus the expected "factorized" form (here we restore the a 1 dependence)
(4.30)
Semiclassical computation of non-extremal three-point function
Let us now consider the case of generic ∆ i . Here we shall start first with construction of semiclassical solution in the AdS part. Our discussion in section 5.1 will apply to the case of generic non-BPS string states that carry large charges in S 5 only so that the relevant part of the AdS dependence of the vertex operators is the same as in (3.3),(4.1), i.e. K ∆ . Then the semiclassical trajectory will be given again by 3 intersecting geodesics but the Schwarz-Christoffel map will be more complicated than (4.17) as ∆ 1 is no longer equal to ∆ 2 + ∆ 3 . In considering the S 5 contribution in section 5.2 we shall specify to a non-extremal (J 1 = J 2 + J 3 ) case of 3 BPS operators. The final semiclassical result for the 3-point correlator will match, of course, the supergravity expression in (2.8),(2.37).
Solution in AdS
The equations which we need to solve to find semiclassical trajectory in AdS are still the same as in (4.14), (4.15) . One may expect that the solution may still be given by 3 intersecting geodesics in To construct the relevant Schwarz-Christiffel map let us start with the conserved and traceless (i.e. holomorphic) stress tensor of the AdS part of the classical string sigma model in conformal gauge
If we assume that the required semiclassical solution is given by (4.20) with some choice of regions I,II,III then computing T in (5.1) gives
where to make T (ξ) globally defined we have to set κ i in (4.20) to be equal. Thus to find the map from the ξ-plane with 3 punctures to a (τ, σ) domain we need to know the exact form of T (ξ). The key observation is that the structure of T can be fixed uniquely [1] by using (i) its expected behavior near each marked point and (ii) the conformal transformation law
The behavior near each marked point is determined by the 2-point function solution (3.14) where τ is given by the conformal map (3.13). Substituting this solution into (5.1) gives
where we used the conformal map (3.13). This means that near each marked point ξ = ξ i (i = 1, 2, 3) the stress-energy tensor has to behave as
Using (5.3) then allows one to restore the exact form of T
Comparing eqs. (5.6) and (5.2) we conclude that the required map is given by
Eq. (5.7) with T given by (5.6) defines a new Schwarz-Christoffel map (with explicit form given in Appendix B) that generalizes (4.17) to the generic case of ∆ 1 not necessarily equal to ∆ 2 + ∆ 3 .
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Indeed, in the extremal case d 1 = d 2 + d 3 the stress tensor (5.6) simplifies to
so that (5.7) implies that
This is equivalent to the map (4.5) used in the previous section if we set
as we shall assume below. In another special case considered in [6] when
the stress tensor (5.6) simplifies to 12) and thus the map (5.7) takes the form
The discussion in (5.6), (5.7) is valid for arbitrary ∆ 1 , ∆ 2 , ∆ 3 . However, the geometry of the complex domain in the (τ, σ) coordinates depends on the relation between the ∆ i 's. Let us now consider in more detail the case when ∆ 1 > ∆ 2 +∆ 3 as then it is easier to understand the structure of the map (5.7). It is convenient again to view the closed-string picture with ξ running over a complex plane as a "double" of the open string picture with ξ belonging to the upper half plane and ξ i lying on the real axis. Then (5.7) maps the upper half plane to the interior of a polygon on the complex τ + iσ plane and which, in general, is different from the one in Figure 2 . The critical points of the map (5.7) are determined like in (4.8) from the equation
= 0 (i.e. from zeroes of T (ξ)). An important difference as compared to the extremal case is that now this equation for ξ = ξ int is quadratic rather than linear. The resulting two solutions are given in (B.4), (B.5). Note that for ∆ 1 > ∆ 2 + ∆ 3 the solutions in (B.4), (B.5) are real for ξ i lying along the real axis. 24 As already mentioned above, we always choose ∆ 1 to be the largest of the three dimensions. 25 We ignore again an integration constant that can be chosen to set, e.g., τ int = 0. 26 Note that in the extremal limit (when q → 0) this expression reduces to (5.9) up to an irrelevant divergent constant ∼ ln q.
Finding τ and σ on these two solutions 27 we get the same value for τ = τ int (which can be shifted to τ = 0), i.e. τ
(1)
while for σ = σ int we get two different values
It is then straightforward to draw the complex domain in (τ, σ) coordinates which is mapped to the upper half plane using (5.7) (see Figure 4) . The left and right ends of the three strips there are supposed to run to infinity. The vertical size of the "removed" region is given by σ
π, i.e. it vanishes in the extremal case when we get back to the diagram in Figure 2 . The behavior near the interaction points in Figure 4 can be understood by an application of the Schwarz-Christoffel theorem (see, for example, [25] ) according to which a general map from the upper half plane to the interior of a polygon is given by
Here ξ parametrizes the upper half plane, ξ ′ parametrizes the interior of a polygon, η 1 , . . . η n are the points along the real axis which are mapped to the vertices of the polygon and πδ 1 , . . . πδ n are the angles at the corresponding vertices. Expressing T in (5.6) in terms of the critical points ξ 
Comparing with (5.7) with (5.16) we conclude that in our case η i = ξ i , i = 1, 2, 3 with δ i = 0 and η 4,5 = ξ as, indeed, shown on 27 In the special case of (5.13) we get ξ int = ±q and thus (τ + iσ) int = ln Comparing Figure 2 and Figure 4 one may be formally interpret the latter as corresponding to a "generalized" light-cone interacting string diagram where p + momentum, i.e. length of the string, is not conserved: the "removed" region in Figure 4 may stand for an external state (carrying away the deficit of momentum or ∆ 1 − ∆ 2 − ∆ 3 in the present context).
Clearly, the Figure 4 applies to the case when ∆ 1 > ∆ 2 + ∆ 3 . In the opposite case (5.7) is not defined as a map from the upper half plane. The reason is that for ξ i lying along the real axis the critical points are always complex with non-zero imaginary part (see (B.4), (B.5)), i.e. in this case we cannot view the resulting closed string worldsheet as two copies of a polygon with proper identifications along σ. Then we have to interpret (5.7) as a map from the full complex plane and the resulting (τ, σ) domain and the individual regions I, II, III are harder to visualise.
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The proposed solution to eqs. (4.14), (4.15) is thus given by the expressions in (4.20) where the regions I, II, III should now be defined (for ∆ 1 > ∆ 2 + ∆ 3 ) as in Figure 4 . For example, let us consider eq. (4.14). In each of the three regions only one marked point ξ i is contributing. Just like in the previous section, near each marked point the l.h.s. and the r.h.s. of (4.14) are equal to each other 4κ 18) where the choice of the sign depends whether the point ξ i is mapped to τ = ∞ or τ = −∞. For concreteness, we choose the convention that ξ 1 is mapped to −∞ and ξ 2 , ξ 3 are mapped to +∞. Eq. (5.18) follows from the fact that according to (5.2),(5.7) near each puncture κ∂τ = √ T has a simple pole ∼ (ξ − ξ i ) −1 with residue ±d i .
The calculation of the corresponding semiclassical value of the AdS part of the action in (4.4) is the same as in the previous section (see (4.24) , (4.25) ) and we will simply state the result (restoring the dependence on a 1 ) 19) where, C 0AdS is the same as C in (4.28), i.e. 20) 28 Note that in the case of the three BPS operators one always has
(this is obvious at weak coupling and holds in general due to non-renormalization). Thus, Figure 4 does not apply to the (non-extremal) three-point function of the three BPS operators (we thank G. Georgiou for pointing this out to us). Nevertheless, since the geometry of the domain in the (τ, σ) coordinates is simpler for ∆ 1 > ∆ 2 + ∆ 3 it is convenient to formally perform the analysis in this case, treating the opposite case by analytic continuation. The general map (5.7) and the final results are indeed valid for arbitrary ∆ i 's.
andÂ AdŜ
When one substitutes here τ computed using (5.7),(B.1) one finds 3 types of terms: (i) divergent "self-contraction" terms that should be subtracted; (ii) ln |ξ i − ξ j | terms that will cancel against similar S 5 terms after use of marginality condition as in (4.29); (iii) ξ i -independent terms ∼ ∆ i ln ∆ j which contribute an extra factor C ′ AdS to the structure constant in the 3-point function, i.e. C AdS = C 0AdS C ′ AdS . To compute C ′ AdS using (B.1),(B.3) one is to take into account the choice of τ int = 0 which means that τ is to be shifted by the following constant
Then the additional contribution coming from (5.21) is found to be
As we shall see in the next subsection, in the BPS case this additional contribution cancels against a similar contribution coming from S 5 (like in the supergravity approach in section 2.3 and in the extremal case in (4.29)). The reason for this cancellation can be traced to the marginality condition that "links" the AdS 5 and S 5 contribution. 29 
Solution in S 5 for non-extremal BPS correlator
The S 5 contribution depends on a particular choice of the vertex operators. In this section we will consider the case of all three operators being BPS and choose them so that they represent a non-extremal correlator.
Like in sections 2.3, 2.4 we may first consider special case and then generalize. Namely, let us start with the same S 5 wave functions as in (2.6),(2.26),(2.27)
29 Such cancellation may happen also in more general context, as it is linked with cancellation of ln |ξ i − ξ j | terms that should have only "subleading" (i.e. not proportional to √ λ) coefficients in order to ensure consistency with 2d conformal invariance (and, in particular, cancellation of Mobius volume factor).
Introducing the angles ϕ and ψ as in (2.29) we arrive at the following S 5 part of the effective action including the relevant (large-charge) parts of the vertex operators 25) where the first term (S 5 part of string action) we ignored all the fields that vanish on the semiclassical trajectory. The analysis in section 2 suggests that it is useful to perform the analytic continuation (2.30), i.e.
Then from (5.25) we obtain the following equations of motion 2∂∂ψ − sinh 2ψ ∂ϕ∂ϕ
As in the discussion of the AdS case we have to impose the condition that there is no additional singularity at ξ = ∞. This gives us eqs. (2.32) whose solution is given in (2.33). The problem then is how to construct the local solutions in the regions I,II,III and glue them at the point (2.33) at τ = 0. Since we are considering BPS operators the local solutions must be again geodesics. Naively, one might think that the relevant solutions should be simply (as in (4.6)) given bỹ ϕ = κτ ,ψ = 0 andψ = κτ ,φ = 0 but these cannot be glued at (2.33). The right choice of (complexified) geodesics in regions I,II,III is more complicated. Fortunately, as we discussed at the end of subsection 2.3, we can reduce the problem of finding them to an equivalent one in AdS 2 and thus simply borrow the results from the previous subsection! Explicitly, the analytic continuation (5.26) maps the sphere X 
we get for the vertex operator factors in (5.24)
(5.29)
These may be formally interpreted as vertex operators in AdS 2 inserted at the boundary points a 1 = −1, a 2 = 1, a 3 = 0 and carrying effective dimensions −J 1 , −J 2 , −J 3 . The corresponding semiclassical solution can thus be found from (4.18), (4.19) , (4.20) where one is to replace (z, x) → (r, y) and also to interchange the points a 1 and a 3 (as we assumed in (4.18) that a 1 = 0). Its explicit S 2 form can then be written using (5.28), i.e. this solution is complex in terms of the original coordinates. The fact that the S 5 intersection point is complex was already found in (2.33).
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The action on this solution was already found in (5.19)-(5.21) so we should just substitute the above data (we should also remember to include the factor 2 −J 1 −J 2 coming from eqs. (5.29)). As a result, we obtain
30)
where β i were defined in (2.35).
Combining this with the AdS contribution in (5.19)-(5.21) and using marginality condition ∆ i = J i we find thatÂ AdS cancels againstÂ S 5 . This implies, in particular, that that C ′ AdS in (5.23) indeed cancels out.
31 Since α i = β i we find also that C AdS cancels against the square root factor in (5.31), i.e. we are left with the same 3-point coefficient
as found in the supergravity and free gauge theory computations in section 2.
The discussion of more general case of non-extremal correlators considered in section 2.4 is of course straightforward using again the analytic continuation to AdS 5 .
32 The resulting string theory expression is again the same as in (2.52) . 30 This solution is thus different from the S 5 part of the 3-geodesic solution discussed in [5] . 31 Let us stress that this cancellation is not due to the relation between S 2 and AdS 2 which appeared because of the analytic continuation (5.26) but is due to the simple marginality condition for the BPS operators. 32 As was used above, one is take into account that under the analytic continuation from S 5 to AdS 5 one is to invert the sign of the string action so that the semiclassical solution remains the same with α i → β i .
being the marginality condition. This solution should be mapped to the complex ξ-plane with two marked points by the same map as in (3.13), i.e.
Let us now consider computing a correlation function of the 3 operators like (6.5) in semiclassical approximation assuming
The S 5 part of the string stress tensor on this solution is found to be
Conformal gauge condition requires that the full AdS 5 × S 5 stress-energy tensor should vanish.
This means that (6.14) has to cancel the AdS 5 contribution (5.6) with d
): this relation follows from the angular momentum conservation (6.10) and the marginality condition (6.7). However, it is easy to see that this cancellation (cf. (5.8) ) and thus the agreement between the AdS 5 map (5.9) and the S 5 map (6.11) is impossible: it requires
This suggest that in this case semiclassical solution does not exist which we interpret as an indication that this correlator should vanish as in flat space.
The clash between the angular momentum conservation and the nonlinear (non-BPS) marginality condition can be avoided by considering analogs of non extremal BPS correlators discussed in the previous sections. There the three operators carry charges from different planes so that the charge conservation applies only "pair-wise". Semiclassical computation of such correlators remains an interesting open problem.
Concluding remarks
In this section we would make some comments on comparison of our approach with that of ref. [6] . The authors of [6] suggested a construction of the AdS part of the semiclassical solution corresponding to a correlator of 3 operators that carry large charges in S 5 only by using the Pohlmeyer reduction (see, e.g., [28] ) to find the relevant AdS 2 solution.
35 They defined the reduced theory variableγ by ∂z∂z + ∂x∂x z 2 = TT coshγ ,
where T is the stress tensor (5.6) corresponding to the case of the three generic dimensions ∆ i 36 so that it satisfies a generalized sinh-Gordon equation
Given a solution forγ, to find the original Poincare coordinates z, x one is to solve an additional linear problem (see [6] for details). In this framework, the solution which we suggested in section 5.1 (that should apply to generic non-BPS operators with charges only in S 5 ) is simplyγ = 0. In [6] this case was excluded as corresponding to the geodesic related to the 2-point function and it was assumed that the 3-point correlator should be described by a non-trivial solutionγ = 0 of (7.2). However,γ = 0 does not 35 The boundary points a i for the 3 operators were assumed to lie on a line. 36 As was mentioned earlier, in [6] the insertion points and dimensions were chosen as in (5.11).
necessarily correspond just to the 2-point function since there is an additional data associated to the 3-point function case.
Indeed, the 3-point function problem is defined on a plane with three punctures rather than two. Using the Schwarz-Christoffel transformation defined by the stress tensor we can map the plane with three marked points to a complex domain in (τ, σ) plane. Part of non-triviality of the solution is thus hidden in the Schwarz-Christoffel map, i.e. in details of the (τ, σ) domain. While the solution suggested in section 5.1 (which generalizes the 3-geodesic configuration of [5] in the BPS case) in each of the three (τ, σ) regions corresponds simply to theγ = 0 one as in the 2-point function case, the gluing condition, i.e. the precise definition of the three regions depends on the Schwarz-Christoffel map and, hence, on the stress tensor.
We believe that for given generic values of dimensions ∆ i the AdS part of the semiclassical solution controlling the 3-point function should be the same in the case of non-BPS operators as in the (non-extremal) case of BPS operators: as the corresponding vertex operators are assumed to carry only S 5 charges, the distinction between the two cases should be visible only in the S 5 part of the semiclassical solution. At the same time, as we demonstrated in this paper, the expected value of the BPS correlator is correctly reproduced by the "point-like" 3-geodesic solution (4.20).
Ref. [6] claimed that the relevant AdS solution should be described by a non-trivialγ = 0 and that the case of the BPS correlator should be recovered only in the case when d i = ∆ i √ λ are small.
This formally follows from (7.2) since in view of (5.6) the coefficient √ TT in (7.2) is small for small d i and thus the solution of (7.2) should be well approximated byγ = 0 one. However, the BPS states can, of course, carry any large charges and thus have d i ≫ 1 so we believe that the relevant solution of (7.2) should be justγ = 0 for any values of d i .
There are, obviously, many open problems. It remains to find a non-trivial example of non-BPS correlator with S 5 charges, i.e. to construct the S 5 part of the corresponding solution. One should also address the same question for correlators with non-trivial charges in AdS 5 , generalizing the approach in [6] (for very recent work in this direction see [29] ).
A World-sheet and target-space conformal symmetry factors in string correlation functions in AdS
Here we shall explain in detail the remarks made in section 3.1 about the symmetry group factors in the 2-point and 3-point correlation functions in string theory in AdS space. For concreteness, we will present the discussion in the framework of semiclassical expansion used in this paper. Let us start with evaluating the factor Ω c in (3.7) which is the volume of the subgroup of the Mobius group preserving two points on a complex plane. We shall choose these points to be 0 and ∞, so that the transformations preserving them will have
They thus consist of dilatations with parameter r = |a| and U(1) rotations with parameter θ. The of this subgroup is then given by
and thus diverges logarithmically.
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Let us now return to the semiclassical evaluation of the 2-point function in section 3.2 where (3.1) and (3. This may seem to vanish as Ω c is divergent. However, we did not yet take into account that the semiclassical solution (3.14) is not unique: it is defined up to AdS target space SO(1, 5) transformations (acting as euclidean conformal group at the boundary) that preserve the points a 1 , a 2 . 39 This degeneracy requires introduction of the corresponding collective coordinates over which one has to integrate. Let us count the parameters of these residual symmetry transformations, setting e.g., a 2 = 0 in (3.14). First, we have SO(3) rotations in the (x 1 , x 2 , x 3 )-plane. Second, all translations are broken because they shift the origin and this cannot be undone by either boosts or special conformal transformations since they all preserve the origin. Now let us act on a 1 = (a 1 , 0, 0, 0) with a dilatation (with parameter ρ) and a special conformal transformation (with parameters b m ): 1 will be shifted from zero. However, they can be moved back to their original values by boosts in the (x 0 , x 1 ), (x 0 , x 2 ) and (x 0 , x 3 ) planes. Thus, we get 4 equations for 8 parameters (b m , ρ, and 3 boosts) leaving 4 independent parameters. Together with 3 SO(3) rotations this gives 7 residual symmetries. Note that this number is just the difference between the dimension of SO (1, 5) and the number of the conditions set by fixing 2 points on the boundary, i.e. 15 − 2 × 4 = 7.
Thus the semiclassical calculation of [2] and section 3.2 should include the integral over the corresponding 7 collective coordinates. The precise form of the integral depends on the location of the two boundary points but its value does not, so we may make a convenient choice of a 2 = 0, a 1 = ∞. Then the unbroken subgroup consists of dilatations and all SO(4) rotations (translations are broken because they do not preserve the origin and special conformal transformations are broken because they do not preserve infinity). Since SO(4) has finite volume, the non-trivial factor comes only from the integral over the dilations. The subgroup of dilatations can be embedded into SO(1, 5) as diagonal 6-matrices diag(ρ,ρ, 1, 1, 1, 1) , ρρ = 1 . If we choose the two points to be at 0 and ∞ then the unbroken subgroup is the product of SO(d) and dilatations. The dimensions of these two groups are precisely the two terms in the r.h.s. of (A.8). The integral over the collective coordinates is again the integral over SO(d) (which gives a finite number) times the 1-dimensional integral (A.7) over the dilatations. It again cancels the diverging Ω c factor in the 2-point function (3.7). Let us mention that the divergent integral (A.7) may also be interpreted as δ(∆ 2 −∆ 1 ) → δ(0), like in the Liouville theory [22] and in string theory on AdS 3 [19] . This argument is not using semiclassical approximation and requires a certain analytic continuation. Let us start with the general expression (3.1) and single out the integral over the dilatations by setting 
